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Abstract: A system of dynamically consistent nonlinear evaluation (J^-evaluation) provides 
an ideal characterization for the dynamical behaviors of risk measures and the pricing of con¬ 
tingent claims. The purpose of this paper is to study the representation for the T'-evaluation by 
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1 Introduction 

The notion of ^-expectation was introduced by Peng [12] in 1997 via the solution of a BSDE. 
^-expectation is a dynamically consistent nonlinear expectation and it has many applications in 
utilities and risk measures. An axiomatic system of dynamically consistent nonlinear expectation 
(T'-expectation for short) was introduced by Coquet et al. [3] in 2002. It was shown in Coquet 
et al. [3] that, under a certain domination condition, any J-'-expectation can be represented as 
a ^'-expectation. Note that the ^-expectation involved in the representation theorem in [3] was 
defined by a BSDE with a generator Lipschitz in 2 ; and independent of y. As an extension of 
the representation in [3] to a Levy filtration, Royer [18] obtained a corresponding representation 
by ^-expectations defined via BSDEs with jumps. In 2012, Cohen [2] obtained a corresponding 
representation, within a general filtration, by a ^'-expectation defined via a BSDE in a general 
probability space. Note that the domination conditions in [18] and [2] are both similar to that 
of [3]. Consequently, the ^-expectations involved in the representation theorems in [18] and 
[2] are both defined by BSDEs with Lipschitz generators. In 2008, Hu et al. [7] considered a 
quadratic J-'-expectation, and showed that, under three domination conditions, any quadratic J-"- 
expectation can be represented as a ^'-expectation defined by a BSDE with a quadratic growth. 
Recently, under a domination condition more general than that of [3], Zheng and Li [19] obtained 
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a representation theorem by a fif-expectation defined by a BSDE whose generator is independent 
of y, uniformly continuous in z. 

It is well known that the famous Black-Scholes option pricing model is a linear BSDE. Peng 
[16] defined a ^r-evaluation by the solution of a nonlinear BSDE and used this ^-evaluation as 
a general pricing model. Eor quadratic sf-evaluations, we refer to Ma and Yao [11]. In [14, 
16], Peng introduced an axiomatic system of dynamically consistent nonlinear evaluation 
evaluation for short). The concept of J-'-evaluation is a natural extension of the concept of 
T'-expectation. In [13, 14], Peng proved that any T'-evaluation £s,t[^ is a ^-evaluation under the 
following domination condition; 

£,^t[X]-£sAY]<£^f[X-Yi ( 1 . 1 ) 

where £s't[-] is a (^-evaluation defined by the solution of a BSDE with a generator of the form 
g{y,z) = ^|yj -|- y\z\ for some constant y > 0. Note that the sf-evaluation involved in the 
representation theorem in [14] is defined by a BSDE whose generator is Lipschitz in y and z. 
Recently, based on the representation in [14], Hu [ 6 ] obtained a representation for J^-evaluations 
with IX terminal variables (p > 1 ) under the domination condition ( 1 . 1 ). 

The main reason for studying this topic is that the axiomatic systems of J-'-evaluations and 
J-'-expectations provide an ideal characterization of the dynamical behaviors of risk measures and 
the pricing of contingent claims (see [14, 16]). The representation theorems for T'-evaluations 
and J-'-expectations mean that any risk measure and the pricing of contingent claims can be rep¬ 
resented as the solution of a BSDE under some conditions. Peng raised the following interesting 
question in [14]: are the notions of (/-expectations and (/-evaluations general enough to represent 
all ’’regular enough” dynamically consistent nonlinear expectations and evaluations? This paper 
is devoted to this question. We will show that any /'-evaluation Ts,t[‘] is a (/-evaluation, provided 
that the following general domination condition holds; 

£s,t[X]-£s,t[y]<£sf[X-Y], ( 1 . 2 ) 

where £s'f[-] is a (/-evaluation defined by the solution of a BSDE with a generator of the form 
g{y, z) = y\y\+(f){\z\)^ where /x > 0 is a constant and (/>(•) : R+ ^ R 4 ., is a continuous, increasing, 
subadditive function with (j){0) = 0 and satisfies a linear growth condition. The (/-evaluation in 
our representation theorem is defined by a BSDE whose generator is Lipschitz in y and uniformly 
continuous in z. 

The main result of this paper is an extension of the main results in [3, 13, 14]. It also 
generalizes the main result in our recent work [19]. The paper [19] used a method developed in 
[3] and heavily dependent on the translation invariance of the /"-expectation. The present paper 
follows the methods developed in [14], but the argument is by no means easy. Eor example, some 
of the estimates crucial in the proof of the main result of [14] are not true in our setting. We 
have to develop some techniques to overcome the various difficulties arising from the lack of 
Lipschitz continuity. Estimate on the solution of the BSDEs and the localization technique play 
important roles in our proofs. We now point out a few differences between the present work and 
[14]. 

(i) In [14], the introduction of £s^t[-', K] needs some convergence results which guaranteed by 
the estimates in [14, Theorem 4.1 and Corollary 5.8]. We establish these convergence 
results in our setting by using an approximation method. We also use a different method 
to prove the £s,t\'] admits a RCLL version (see Lemma 3.11). 
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(ii) In [14], the definition of £(t,t[-] with a,T ^ 7o,t and the proof of optional stopping theorem 
for £^ 5 ^t[-]-supermartingales depend on some estimates given in [14, Corollary 10.15 and 
Lemma 10.16]. In this paper, we prove a crucial estimate for K] in the L°° sense for 
bounded terminal variables and bounded K of the form Kt = f^'jsds (see Lemma 2.6). 
This estimate helps us to get some important convergence results (see Lemma 4.2). With 
the help of these convergence results, we extend the definition of J-'-evaluation £s^t[']K] 
to 8a,T[-',K] with a,T € 7o,t for a special kind of K. Moreover, we also prove an optional 
stopping theorem for locally bounded iL]-supermartingales (see Lemma 4.7). 

(iii) In [14], the fixed point method used to solve the BSDEs under £s,t{\ depends on the 

estimate given in [14, Proposition 4.5], and the Doob-Meyer decomposition is ob¬ 
tained for square integrable f’^yf-j-supermartingales. We solve the BSDEs under £s,t{\ 
with bounded terminal variables by using our L°° estimate (see Lemma 2.6). By this and 
our optional stopping theorem, we prove a Doob-Meyer decomposition for locally bounded 
£’s,t[']"Supermartingales (see Theorem 5.4). 

(iv) The proofs of the representation theorems in [2, 3, 14, 18] use a Doob-Meyer decomposi¬ 
tion for square integrable £’sy[-]-supermartingales. The proofs of [7, 19] use a Doob-Meyer 
decomposition for £^ 5 ^t[']-supermartingales with a special structure. In this paper, we use 
a localization method based on stopping times to guarantee that our Doob-Meyer decom¬ 
position for locally bounded Ts^t[-]-supermartingales is good enough in our proof. 

This paper is organized as follows. In the next section, we will recall the definitions of g- 
evaluation, ^(-martingale and prove some important convergence results and estimates. In Section 
3, we will recall the definitions of J-'-evaluation £s,t[-], Ts,t[-]-martingale and prove some useful 
properties. In Section 4, we will establish an optional stopping theorem for locally bounded 
iL]-supermartingales. In Section 5, we will give a Doob-Meyer decomposition for locally 
bounded f’ 5 ^t[-]-supermartingales. In Section 6 , we will prove the main result of this paper: a 
representation theorem for J-'-evaluations. 

2 ^-evaluations and related properties 

In this paper, we consider a complete probability space (D,J-', P) on which a d-dimensional 
standard Brownian motion is defined. Let denote the natural filtration generated 

by augmented by the P-null sets of B. Let \z\ denote the Euclidean norm of z € R'^ 

and T > 0 be a given time horizon. Eor stopping times ri and T2 satisfying ti < T2 < T, let 
Tti,t 2 be the set of all stopping times r satisfying n < r < r 2 . Let 7^ be a subset of Tti,t 2 
such that any member in takes values in a finite set. Eor r € 7o,r; we define the following 
usual spaces: 

L^(Jv;R'^) = : PV-measurable R'^ -valued random variable; E [|^P] < oo}; 

L°°(J>;R'^) = : Jv-measurable R'^-valued random variable; ||C||oo = esssup^^g^j^l < oo}; 

L 3 .( 0 ,r;R'^) = {V’ : R"* -valued predictable process; E [/J" jV’tP'ii] < oo}; 

L^( 0 ,t;R'^) = {V’ : R'^-valued predictable process; ||V’IIl“(o,t) = 6 sssup(^^j)gf 2 x[o,T]IV'tI < 
oo}; 

T>3^(0, r; R*^) = {V’ : ROLL process in L3r(0, r; R*^); E[supQ<^<.,-|V’tP] < oo} 

T>^(0,r;R'^) = {V’ : ROLL process in P“(0, r; R'^)}; 
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53r(0, r;R'^) = {ip : continuous process in P3^(0, r; R^)}; 

<S^(0,t;R‘^) = {ip : continuous process in D“(0,r;R*^)}. 

Note that when d = 1, we always denote L^(Jv;R‘^) by L‘^{Fr) for convention and make the 
same treatment for the above notations of other spaces. 

In this paper, we consider a function g 

g {uj, t,y,z) : n X [0, T] x R x R'^ i—^ R, 

such that {g{t, y, j’] is progressively measurable for each {y, z) G R x R'^. For the function 

g, in this paper, we make the following assumptions: 

• (Al). There exists a constant /x > 0 and a continuous function (p{-), such that dP xdt — 
a.e., V(yi, 2 :i) G R X R'^, (i = l,2): 

\g{t,yi,zi) - g{t,y 2 ,Z 2 )\ < g\yi - y 2 \ + (p{\zi - Z 2 \), 

where (p{-) : R+ —)■ R+, is subadditive and increasing with (p(0) = 0 and has a linear 
growth with constant v, i.e., Vx G R'^, i;/>(|x|) < i^(|x| + 1); 

• (A2). V(y, z) G R X R'^, g{t, y, z) G T); 

• (A3). dP X dt — a.e., g{t, 0, 0) = 0. 

For each (t, y, z) G [0, T] x R x R^ and m> {jxM v) for g and v given in (Al), we define 

y, z) ;= inf{c/(t, a, b) + m{\y -a\ + \z- 6|) : (a, b) G (2.1) 

gm{t, y, z) := sup{g{t, a, b) - m{\y - a\ + \z - b\) : (a, b) G (2.2) 

where Q is the rational set. Note that if g satisfies (Al) and (A2), then by Lepeltier and 

San Martin [10, Lemma 1], for each {t,y,z) G [0,T] x R x R*^, g^it^y^z) (resp. g^{t,y,z)) is 

increasing (resp. decreasing) in m and converges to g{t,y, z), as m —)■ oo. We also have for each 
t G [0,T], g^{t,y,z) (resp. 'g^{t,y, z)) is Lipschitz in (y, 2 :) with constant m and linear growth 
in (y, z) with constant (y V zx). 

For r G Tq^t-, we consider the following BSDE with parameter (y, A, r) ; 

g{s,Ys,Zs)ds- [ ZgdBs, tG[0,T]. 

J rAt 

If the generator g satisfies (Al) and (A2), ^ G L?{Fr) and K G D3^(0, T), then the BSDE 
has a unique solution ^ ^ ^ L3r(0,r;R'^) (see Jia [8, Theorem 3.6.1]). 

Furthermore, if A G 5 ^ 7 ( 0 , T), then Yt G 5 ^ 7 ( 0 , r). Note that since (p given in (Al) is subadditive 
and increasing, then we have g\y\ + (/>(| 2 |) satisfies (Al) and (A2). Thus BSDE with parameter 
(/i|y| + i;f)(| 2 :|), A, r) (resp. (—yjyj — (/>(| 2 ;|), A, r)) has a unique solution. 

Now, we introduce the definition of y-evaluation, which is introduced by Peng [14, 16] in 
Lipschitz case, then by Ma and Yao [11] in quadratic case. 

Definition 2.1 Let y satisfy (Al) and (A2), A G 'Djr{0,T), a, t (z 7o,r and a < t. Let 


ZrAt — ^ + Kt — KrAt + 


/rAt 
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^ € L?‘{Fr) and {Yt, Zt) be the solution of BSDE with parameter {g,^, K,t). We denote the 
ETj-evaluation and £’®^[-]-evaluation of ^ by 

and 

Note that we denote S^.,. by S^t (resp. denote by £~A~Ai if S' = mI?/I + 4>{\A) (resp. 
g = —^|y| — </>(|5;|)) for function (/>(•) and constant ^ > 0, and denote by £Ar (resp. denote 
by if S' = £'\y\ + £'\^\ (^®sp. g = -g,\y\ - for constant ^ > 0. 

The following Remark 2.2 contains two simple properties of i^]-evaluations. 

Remark 2.2 Let g satisfy (Al) and (A2), a,T G 7o,r and a < t. Let K,K' G T>3r(0,T), 
and X,X'G L^{Tr). Then 

(i) by Jia [8, Theorem 3.6.1], we have 

£3^AX-,K]=£9'^[X + Kr]-K„, 
where g^{-, •, •) := g{-, ■ - Kg, ■). 

(ii) by comparison theorem (see Jia [8, Theorem 3.6.3]), we can get 

£AA~Ax -X'-K- K'] < £IAX-, K] - £IAX'-, K'] < £At[X -X'-K- K% 

from the similar argument as Peng [14, Corollary 4.4]. 

Definition 2.3 Let g satisfy (Al) and (A2), K G X’jr(0,T). A process Yt with Yt G Lp‘{Xt) for t G 
[0,T], is called an iL]-martingale (resp. Tf J-; iL]-supermartingale, iL]-submartingale), 
if, for each 0 < s < t < T, we have 

= A, (resp. <, > ). 

In the following, we will prove some convergence results and estimates for solutions of BSDEs 
under (Al) and (A2), which play an important role in this paper. 


Lemma 2.5 Let g satisfy (Al) and (A2), r G 7o,t- Let K^,K G VjriOjT) and X,Xn G 
L‘^{Xr),n > 1. If ^ K in L^<d,T), Kf -G Kr and Xn ^ X both in L‘^{Ft), as n ^ oo. 
Then we have 


lim E 

n^oo 


sup \£AsA^n-,KA+K^s 
s£[0,T] 


£AsA^’^]-KrAs 


= 0 . 


Proof. For m > {piM v)-: i^t 9 and g^ be defined as in (2.1) and (2.2), respectively. Then by 
comparison theorem (see Jia [8, Theorem 3.6.3]), we have for each s G [0,T], 

Ap^sA^n,KA < tAsA^fka < eJ^sA^n-, ka, p- a.s. (2.3) 
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By Peng [14, Theorem 4.1], we have 


lim E sup \£^rAsAXn, K^\ + - £rZ,r [X; K] - = 0, 


se[o,r] 


lim E sup \£TAs,r[Xn; K^] + - £rAsAX-, K] - K^^sV = 0. (2.5) 

[se[ 0 ,r] 

By (i) in Remark 2.2, the proof of Fan and Jiang [5, Theorem 1] and the uniqueness of solutions, 
we can get 


lim E sup \£l7:sAX: K] - EAsAX-, Xf 
[sg[o,r] 

= lim F; sup \SfzAX + Kr] - S^rAsAX + Kr] P = 0, 

U6[0,r] 


limp; sup \£-zAX;K]-£AsAX;KA 
Ue[o,T] 


= lim E sup \£AsAX + Kr] - £AsAX + KrA = 0. 

Ue[0,T] 

By (2.3), we have for each s G [0,T], 

£AsAXn;K^]-£AsAX-,K] 

= £AsAXn-, K^] - EAsAXn; K^] + EAsAXn; K^] - £fzAX; k] 
+£fzAX-,K]-£AsAX-,K] 

< sfzAXn;K^] - £AsAX; k] + £fzAX; k] - £AsAX; k], 


£AsAXn-,K^]-£AsAX;K] 

= £AsAXn; K^] - £'zAXn-, K^] + £hsAXn, K^] - ^rAsAX', K] 
+£^'^,AX-.K]-£AsAX-,K] 

> £hsAXn; K^] - £TasAX-, K] + £hsAX-, K] - £AsAX-. K]. (2.9) 

By (2.4)-(2.9), we can complete the proof. □ 

Lemma 2.6 Let g satisfy (Al) and (A2) with 5'(s,0,0) G L^(0,T), = A'jsds with jt £ 

L“(0,T), a,T € 7o,t and a < t. Then for X G L°°{Er), we have 

||^TAs,r[^; K] II£^00(11 Jf Iloo + Ik — crlloo (|| 5 '(s, 0 , 0 )|| + Hy^H . 


6 



Proof. By Fan and Jiang [5, Lemma 4], we have 

fi\y\ + (p{\z\) < iJ.\y\ + n\z\ + (j) , for n>2v. 

Then, by (Al), we have 

IffI < y\y\ + n\z\ + f + | 5 ((s, 0,0)1 := fn{t, y, z), for n > 2i^. 

For X G we consider the following BSDE: 

Yfj = X + Kr — Kfj + f fn{s, Yg, Zs)ds — f ZgdBg, t G [0, T], 

J (7 J a 

By linearization for (2.12) and Kg = /q 'jgd.s, we have 

Ycr = X + f (a^Yg + Zgbg + fn{s, 0,0) + 'jg)ds — f ZgdBg, t G [0, T], 

J (7 J (T 


( 2 . 10 ) 


( 2 . 11 ) 


( 2 . 12 ) 


(2.13) 


where 


fn (s, Yg, Zg) - fn (s, 0, Zg) 

“• = -K-' 


| T ,|>0 


and bg = 


{fn {s, 0, Zg) - fn {s, 0, 0))Zg 

\Zs? 


\Zs\>0- 


Clearly, |as| < y, |6s| < n and ||/n(s,0,0) +7 s||l“(o,t) < oo- 

Then by the explicit solution of linear BSDE (2.13) (see Pham [17, Proposition 6.2.1]), we 
can get 

V rr 

(2.14) 


where 


T/"[A;iL] = y, = r-iE XFnP f\g{fn{s,0,0) + jg)ds\Xn 

L J (7 


1 

Fg = exp ■] / brdBr — - \br\‘^dr + / Ordr 

2 Jo 


10 Z JO JO 

Let Q be a probability measure such that ^ = exp | fj' bgdBg — ^ fj' . By (2.14), we 

have 


4^[x-,k] 

= 

Eq 


+ 

OO 


< 

Eq 


+ 

OO 


JO 

Eq 


Eq \li^,r]{s){fn{s,0,0)+jg)eI>-^^\X, 

[ {fn{s, 0,0) + jg)eJ^<r 

J 7 J OO 

< e/^lh-<x||oo (llxjjoo + ||t - ujjoo (ll/n (s,0,0)||i»(^^^) + . 

From this, it follows that 


ds 


sup 

sg[o,t] 


Thus we have 


< nr\\r-^\\ 


(||aT||oo + ||t <71100 (ll/n (S) 0, 0) + II 7s II 


(ll^lloo + ||r-a||oo(||/n(5,0,0)||^^(,^,) + 


L^{cr,T) T" II /«llL”(cr,T) 


(2.15) 
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Similarly, we have 


£-/-AX;K] 


L”(a,r) 


< 


g/^ll Iloo _j_ 11^ *^1100 (ll/n . 

(2.16) 

On the other hand, by comparison theorem (see Jia [8, Theorem 3.6.3]), we have Vs G [0,T], 


£Aa%[X; K] < £^rAsA^-^ K] < K], n>2u, P- a.s. 

Thus by (2.15)-(2.17), (2.11), the continuity of (/> and (pA) = 0, we have 

(||X||oo + ||r-alloc (||ff(s,0,0)||^^(,,,) + |( 
as n —7> oo. The proof is complete. □ 


(2.17) 


7s|lL“(cr,r) 


Lemma 2.7 Let g satisfies (Al) and (A2) with g{s,0,0) G L“(0,T), Kg = A'jsds with 
'jt G T'T G 7o,r (ind a <t. Then for X G L°°(Jv)) we have 


\£AsA^-^K]-X\ 


L”(a,r) - 


< M\r-A\ 


T - 


0-||oo (mII^IIoo + ||5f(s,0,0)||^^(^^^) + ||7, 


s\\Lf(a,T)) ■ 


Proof. For X G L°°(Jv) and s G [0,T], set 

9^{s,y,z) := l[„_^](s)5((s,y + X,z) + l[0,a)u(r,T]('S)5'(s,y,^)- (2-18) 

Clearly, g^ satishes (Al) and (A2) with 5(^(s,0,0) G Lf (0,T). Then by the uniqueness of 
solutions, we can check that for each s G [0,r], 

V,v.)A.,.|V; Kj-x = Kj, P - a.s. 

Thus by Lemma 2.6, (2.18) and (Al), we have 

\\£AsA^-^I<]-^\\L-ia,r) 

The proof is complete. □ 


^r"A.,r[0;iF] 


L^{a,T) 


< g/^lh '^11“||r — (t||oo (|b^(s,0,0)||2 ,^(o.^t-) + ||75||j;^<^(o.^^)^ 

< g/^lh-^lloo||^_^||^ (/i||A:||oo + lb(s,0,0)||i^(^^^) + ||7,||^^(^_^) 


Lemma 2.8 Let g satisfy (Al) and (A2) with 5((s,0, 0) G L^(0,r), Kt = foJsds with % G 
Lj£(0,T), T G 7o,r and {Tn}n>i C 7o,t is a decreasing sequence. Let X G L°°(Jv),A„ G 
L^(J>„),n > 1. If \\Tn — rjloo — ^ 0 and A„ X in L‘^{Pt), as n —)■ oo, then we have 


lim E 

n— >-CXD 


sup \£As,r„ [X„; K] - £As,r„ [X-, K] 

S&[0,T] 


= 0 . 


Proof. For m > (/U V z/), let g^ and g^ be defined as in (2.1) and (2.2), respectively. Firstly, we 



can get 


lim 

n^oo 


< lim 

n—>-oo 


sup \£ks,r„ [X; K] - [X- K] - (^as,. [^; K] - £^r^sAX■ K])\ 

sG[0,T] 


sup |4As,r[4r„[^; k]-k]- k]\ 

se[o,T] 


+ lim 

n—>-oo 


sup \£AsA^AA^■^K\^K\-^r^sAx■,K]\ 
sg[o,t] 


< lim 

n—>-oo 


sup \£T;AA^bAx-,K]-x]\+ sup \£;AsAA£bAx-,K]-x]\ 


sg[o,t] 


selo,T] 


+ lim 

n—>-oo 


sup \£Air[£AAX;K]-x]\+ sup \£-A:A[£AAX;K]-x]\ 

sg[o,t] se[o,T] 


< lim C\\£bAX;K]-X\A + lim C\\£AAX;K]-X\ 

Y). —^OO Y). —^OO ’ 


n—>-oo 

= 0 . 


(2.19) 


In the above, C is a constant only dependent on m, fx and T, the first inequality is due to 
’’Consistency”, the second inequality is due to the fact and are both Lipschitz with 
constant m and (ii) in Remark 2.2, the third inequality is due to Lemma 2.6, the last equality 
is due to Lemma 2.7. 

Similarly, we also have 


lim 

n^oo 


sup \£^rArAX-.K] - £As,rAX-,K] - [^; i^] ” [X; RT])| 

sG[0,T] 


= 0 . ( 2 . 20 ) 


Then we can complete this proof from the following inequality 


lim E 

n^OQ 


sup \£As,r^ [Xn, K] - £As,r^ [X; K] p 
Ue[o,r] 


< lim 2E 

n—>oo 


sup 

se[o,T] 


+ lim 2E 

n^oo 


\£bs,rAXn;K]-£bs,rAX;K]+£bs,rAX-,K]-£As,rAX;KA 
\£bs,rAXn;K]-£bs,rAX;K] + £XrAX;K]-£As,rAx-,K]\ 


< lim 16R 

n—^oo 


sup 

56[o,r] 

sup \£TAbAXn-XA+ sup \£;AsAb[Xn - XA 

sG[0,T] s&[0,T] 


+ lim 4E 

n^oo 


+ lim 4E 

n^oo 


< lim 16R 

n^oo 


sup \£bs,rAX-,K]-£As,rAX-KA 

se[o,T] 

sup \£bs,rAX-,K]-£As,rAX-,KA 

_se[o,T] 

sup \£AZ,rAXn - XA + sup 
sg[o,t] se[o,T] 
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+ 

lim 

00 

sup 

\£kg,,\X-,K]- 

f9 

‘^tAs 


m—>-oo 


_sG[0,T] 




+ 

lim 

00 

sup 

\cim 

\^tAs,t 

[X-,K]- 

- 

'-'tAs,i 


m—>-oo 


_sg[o,t] 



+ 

lim 

m—>-oo 

00 

sup 

_sg[o,t] 

\£XrjX-,K]- 

- F^ 

‘-'tAs. 

+ 

lim 

00 

sup 

\c9m 

1 WAs,r 

[X-,K]- 

F9 

‘-'tAS,! 


m—>-oo 


_sg[o,t] 




< lim 32C'£;|X„-Xll^ 

n^oo ^ 

= 0 . 


In the above, C is a constant only dependent on m and T, the first inequality is due to the 
arguments of (2.8) and (2.9), the second inequality is due to the fact and g are both 
Lipschitz with constant m and (ii) in Remark 2.2, the third inequality is due to the fact t < Tn, 
the fourth equality is due to Peng [14, Lemma 10.14, Equation (10.31)], (2.19), (2.7), (2.20) and 
( 2 . 6 ). □ 


3 Dynamically consistent nonlinear evaluations 

In this section, we will give the definitions of J^-evaluation (£’s,i[-])o<s<t<T and related 
evaluation K])o<s<t<T introduced by Peng [14, 16]. J^-evaluation provides an ideal char¬ 

acterization for the dynamical behaviors of the risk measures and the pricing of contingent claims 
(see Peng [14, 16] for details). 

Definition 3.1 Define a system of operators: 

f,,t[-] : L\j^t) L\Ts), 0<s<t<T. 

The system is called a filtration consistent evaluation (T'-evaluation for short), if it satisfies the 
following aximos: 

(i) Monotonicity: Ts,t[^] > £s,t['n],P — d.s., if C>7], P-a.s.] 

(ii) - as-; 

(hi) Consistency: Tr,s[^s,i[^]] = £r,t[C],P — (i.s., ii r < s < t < T] 

(iv) ”0-1 Law”: IaSsA^] = lA£s,t[i-A^], P - a.s., if A £ Fg. 

Now we further give some conditions for J-'-evaluation £s,t[-]i where (HI) is the £’^J-'^-domination 
property mentioned in the Introduction (see (1.2)). 

• (HI). For each 0 < s <t <T and X, Y in L?{Ft)^ we have 

£s^t[X] - £sAy\ < £At[y -Yi P- a.s. 

where g and (/>(•) is the constant and function given in (Al), respectively. 

• (H2). For each 0 < s < t < T, we have £’s,t[0] =0, P — a.s. 


10 



Remark 3.2 By Peng [14, Proposition 2.2], (iv) in Definition 3.1 plus (H2) is equivalent to the 
following (H3). 

• (H3). ”0-1 Law”: For each 0 < s < t < T and ^ we have 

IaSsA^] = P - if ^ G Ps- 

Remark 3.3 Following Peng [14, Corollary 4.4 and Proposition 4.6], we can easily check the 
following fact. For Kt G Rjr(0,T), if g satisfies (Al) and (A2), then iF]-evaluation is an 
J^-evaluation and satisfies (HI). Moreover if g also satisfies (A3), then we can check ^’fj-]- 
evaluation satisfies (H2), thus by Remark 3.2, J-]-evaluation further satisfies (H3). 

Now, we give the definition of J^-expectation introduced in Coquet et al. [3] and Peng [16]. 
J^-expectation is a special case of J^-evaluation. For the representation of J^-expectations by 
solutions of BSDEs, we refer to Coquet et al. [3], Hu et al. [7] and Zheng and Li [19] for 
Brownian filtration and Cohen [2] and Royer [18] for general filtration. 

Definition 3.4 Define a system of operators: 

S[-\Tt] : lATt) LA^t), t G [0,T]. 

The system is called a filtration consistent condition expectation (J^-expectation for short), if it 
satisfies the following aximos: 

(i) Monotonicity: T[^|J^t] > — o,.s., if ^ > ry, dP — a.s.] 

(ii) Constant preservation: = ^,P — a.s., if ^ G 

(hi) Consistency: ]J^s] = — a.s., if s < t < T; 

(iv) ”0-1 Law”: £[lAAPt] = lA£[i\Pt],P - a.s., if A G J). 

Let J^-evaluation £s,t[-] satisfy (HI). We will introduce an /'-evaluation £sA''iK] generated 
by £sA'\ Pt G Il3r(0,T), using the method in Peng [14, Section 5]. We only sketch this 
definition. We divide this definition into two steps. 

Step I. Firstly, we define the space of step processes: := {K G 'DAA,T)-, Kg = 

where to < H < • • • < is a partition of [0,T] and Ci G L^(J'tJ}. As Peng 
[14, Definition 5.2 and Lemma 5.4], we have the following Proposition 3.5. 

Proposition 3.5 Let F-evaluation £sA'] satisfy (HI). For each Kt G TAp'A,T) with form 
Ks = Cd[u,u+i)is), where to < p <■■■< tN is a partition of [0,T] and it G L?‘{FtA, 

there exists a unique F-evaluation, denoted by £sA'iP] such that ^/ti < s < t < L+i and 
X G LAFt), 

£sAX;K]=£gAX + Kt-Kg], P-a.s. (3.1) 

and for each K, K' G I1^°(0,T) and 0 < s < t < T, X, A' G L‘^{Ft), we have 

£:A'~'^[X -X'-,K- K'] < £sAX; K] - £gAX'; K'] < £Af[X -X'-,K-K'], P- a.s. 


We further have the following consequence. 
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Proposition 3.6 Let J^-evaluation £s,t[-] satisfy (HI) and G r),n > l,t G [0,r]. If 

{K'^}ri>i is a Cauchy sequence in Ljr{0,t), {Hf}n>i and {Xn}n>i are both Cauchy sequences 
in if {Ft), then we have 


lim E 

m,n—>-oo 


sup \£sAX^-K^] + - £,^t[Xn, K^] - K'f'^ 

0 <s<t 


= 0 . 

M.</>rn. nl — Fn-nl — 


Proof. By Proposition 3.5, Lemma 2.5 and the fact £g f[0;0] = £gjf’ '^[0;0] = 0, we have 


lim E 

m,n—>-CxD 


sup \£sAXm; K^] + - £sAXn-, - H 

0 <s<t 


n \2 
s I 


< lim 2E 

m,n—>-cxD 


sup \£Af[X^ - Xn, - KA + KA - K 
0<s<i 


Ti^n|2 


+ lim 2E 

m,n—>-cxD 


sup \£:tAXm - Xn, - KA + KA - K] 

0 <s<t 


m T^n \2 
s \ 


= 0 . 


The proof is complete. □ 

Step II. For K G P3^(0,T) and VO < s < t < T, by Peng [14, Remark 5.5.1], we can take 
partitions t) = t^ < t\ < ■ ■ ■ < t\ = T oi [t),T],i > 1 such that maxj(t*_,_^ — t)) —)■ 0 with s = t)^ 
and t = t) , for some ji < j 2 < i- We define iV] ;= J2l^nK,il,,i ,i Vs). Thus iV* converges to 

K in L^{0,T) and iL* = Kg, K) = Kt. Then for X G L‘^{Ft), by Proposition 3.6, we can get 
{£sAlI'iII^Ai>i is a Cauchy sequence in if {Ft). We define 

£sAX-,K]-= lim in L^{Ft). 

2 —>-OD 


The Definition of is complete. 

By Definition of Proposition 3.5 and Lemma 2.5, we can get Proposition 3.7, im¬ 

mediately. We omit its proof. 

Proposition 3.7 Let F- evaluation £s,t['] satisfy (HI). Then for each Kt G Vjr{0,T), £sA'',H] 
is an F -evaluation, such that for K, K' G P3^(0,T), t G [0, T] and X, X' G L?‘{Ft), we have for 
s G [0, t], P — a.s., 

f-f’-^[X -X'-K- K'] < £gAX; K] - T,,t[X'; K'] < P^fiX -X'-K- K'], (3.2) 


For J^-evaluation £sA'',H], we further have the the following properties. 

Corollary 3.8 Let F-evaluation £s,t['] satisfy (HI) and (H2), Kt, K[ G P3^(0,r). Then for 
each t G [0,r] and X in L?‘{Ft), we have Vs G [0,t], 

(t)£At-Ax-,K]<£gAX-,K]<£>:f[X-,K], P - a.s.; 
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(u)\£s,t[X]\<£^f[\X\], P-a.s. 
Proof. By (3.1), we have Vs G [0,t], 


£s,t[X-,0] = £s,t[X], P-a.s. (3.3) 

By (3.3), (H2) and (3.2), we have Vs G [0,t], P — a.s., 

£;f’-'^[X; K] = £:f'-^[X; K] + ^,,*[0; 0] < K] < £^f[X; K] + ^,,^[0; 0] = £^f[X-, K]. 

Then we obtain (i). We can easily check Vs G [0,t], 

-£^f[X-,K]=£;f’-'f>[-X--K], P-a.s. 

By this, comparison theorem (Jia [9, Theorem 3.1]), (i) and (3.3), we have Vs G [0,t], 

-£^f[\X\] = £;f’-'f>[-\X\] < £rf’-^[X] < £,^t[X] < £^f[X] < £^f[n P - a.s. 

Thus, (ii) is true. The proof is complete. □ 

Lemma 3.9 Let P-evaluation £s,t['\ satisfy (HI), Kt, Kf G Il3^(0,T), t G [0,T] and X, X^ in 
L‘^{Pt), n > 1, If ^ K in L^(0,T), Kf Kt and Xn ^ X both in L‘^{Pt), as n ^ oo, 
then we have 


lim E 

n^oo 


sup \£s,t[X-, K] + K,- £s,t[Xn; K^] - K. 

0<s<t 


n\2 
s \ 


= 0 . 


Proof. By (3.2) and the proof of Proposition 3.6, we can complete this proof. □ 


Definition 3.10 Let Kt G Il3^(0,T). A process T) with Yt G L?‘{Pt) for t G [0,T], is called 
an -fi"]-™artingale (resp. ATj-supermartingale, iV]-submartingale), if, for each 

0 < s < t < T, we have 

£s,t[yuK] = Ys, (resp. <, >). 


Lemma 3.11 Let P-evaluation £s,t[-] satisfy (HI) and (H2). Then for eaeh t G [0, T] and 
X G L?‘{Pt), £s,t[X] admits a ROLL version. 

Proof. Given t G [0,T]. As (2.1) and (2.2), we can find two functions gi(y,z) : R x 

R, i = 1, 2, which both satisfy (A2) and are both Lipschitz in (y, z) with some constant Cq, such 

that for each (y, z) G R x R'^, 

gi<-ti\y\-(t){\z\) and g 2 > h\y\ + (t>{\z\). 

By (i) in Corollary 3.8 and comparison theorem (see Jia [9, Theorem 3.1]), we have for each 
X G Lp‘{Pt) and s G [0,t] 

Ct[^] > ^st[X] > £sAX] > T-f’-^[A] > £At[X], P - a.s. (3.4) 

Then we can check that £’s,t[Jf] is an Tf j[-]-supermartingale. Thus, by Peng [16, Theorem 3.7], 
we get that for a denumerable dense subset D of [0,t], almost all w G 11 and all r G [0, t], we 
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have limsg£)^ and limsg£)_ s/'r£s,t[X\ both exist and are finite. For each r G [0,t), we 

set 

Yr := lim £s,t[^], (3.5) 

s£D, s\r 

then from some classic arguments, Yj. is RCLL. Thus we only need prove £r,t[X] = Yr-, P — o,.s. 
for r G [0,t). By (ii) in Corollary 3.8 and Jia [9, Theorem 2.3], we have 


E 


sup \£sAY]\^ 

< E 

sup \£Af[\x\]\‘^ 

0<s<t 


0<s<t 


< + 00 . 


By (3.5), (3.6) and Lebesgue dominated convergence theorem, we have 

lim £s,t[^] =Yr, r G [0,f). 

seD, s\r 

in L?‘{Et) sense. By (3.4) and Peng [16, Lemma 7.6], we have 


lim E 

sGD, s'\r 


_\£rAYr]-Yr\^ 

We also have for r G [0,t), 


< lim 2E 

sGD, s'\r 


\£As[Yr] - Yr\ 


+ lim 2E 

sGD, s\ir 


\£^A^r]-Yr 


(3.6) 

(3.7) 

= 0 . 

(3.8) 


lim E 

s£D, s\r 


< lim CE 

s£D, s\r 

< lim CE 

s£D, s\r 
= 0 , 


\£3A¥s,tm-Yr\]f 
\£s,t[X] -Yrf + \g2{u,0,0)\d 


{s-r)(^J \g2{u,0,0)\‘^du 


(3.9) 

where C is a constant only dependent on T and Cq. In (3.9), the first inequality is from an 
element estimate of BSDE (see Briand et al. [1, Proposition 2.2]), the second inequality is from 
(3.7) and Cauchy-Schwarz inequality, the equality is due to the fact g 2 satisfies (A2). 

By ’’Consistency” of £r,t['\-: (ii) ™ Corollary 3.8 and (3.4), we have P — a.s., 

\£r,t[X]-Yr\ = \£r,s[£s,tm]-Yr\ 

= \£r,s [£s,t [^]] - £r,s [Yr] + £r,s [W] - W j 

< \£rA£sAX]] - £rAYr\\ + \£rAYr] ” >;| 

< £AA\£sAX] - >;l] + \£rAYr] - Yr\ 

< £^A\^sAY] - i"rl] + \£rAYr] -Yr\. (3.10) 

By (3.8)-(3.10), we get that for r G [0,t), £’r,t[A] = W, P — a.s. The proof is complete. □ 


We will always take a RCLL version of £rA']- Furthermore, we have 

Corollary 3.12 Let F-evaluation £st[-] satisfy (HI), (H2) and K G P^(0,T). Then for each 
t G [0,T] and X G £sA^'^^] ^ PAAH). 

Proof. For K G by (3.1), ’’Consistency” and Lemma 3.11, we can prove £sAY',K] 

is RCLL. By this and Lemma 3.9, for K G Pjr{0,T), we can get K] + Kg is RCLL. Thus 

£sAY;K] is RCLL. In view of (i) in Corollary 3.8, we have £sAH;K] G 'Djr{0,t). □ 
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4 Optional stopping theorem of ]-supermartingales 

In this section, we will firstly extend the definition of J^-evaluation £s,t['] to i’cr,r[‘] with a,T ^ 
7o,r- We divide this extension into three steps. 

Step I. Let J^-evaluation £s,t['] satisfy (HI) and (H2). By the same argument as Peng [14, 
Section 10], we can firstly extend the definition of J^-evaluation £s,t['] and £s^t['',K] to ^^cr,r[‘] 
and £a,T['', K] with a G 7o,t and r G for terminal variable. Similarly, we can obtain the 
following result as Peng [14, Lemma 10.13]. 

Lemma 4.1 The system of operators 

^o-,t[‘] ■ r) -^ y), Cr < T, IT G 7o,T) T G Tq X7 

satisfy 

(i) Monotonicity: £(T,T[i] > £(t,tW\-,P ~ a-S-, if ^ and f, '>ri, P — a.s.] 

(a) £’r,r[?] =^,P - a.s., if ^ e 

(Hi) Consistency: ^( 7 ,p[^’p,r[^]] = £a,T[^],P — a.s., if a < p <t and f, G L^(Jv), p G 7))%; 

(iv) ”0-1 Law”: lA£a,r[C] = £a,T[^AC],P - a.s., if A ^ G L‘^{Py); 

(v) For K G Pjr{0,T), £,j^t-[-;K] satisfies the above (i) -(Hi) TOf/i f’o-,T[s 0] = £(t,t[-\ and 

^A£a,T[i',K] = ^A£a,T[^Ai',K]-, P-a.s. if 4 G Jv, G (4.1) 

(vi) For K G P3r(0,T) and C G 4.2(7;), K] is ROLL and for X,X' G L^iTr) and 

K,K' G 7>3^(0,r), we have 

£-n,-<t[x -X'-K- K'] < £,^y[X-, K] - £,^r[X'-, K'] < £^;f[X -X'-,K-K'], P- a.s. (4.2) 

Step II. In this step, we will extend the definition of T'-evaluation £s,t{\ to £a,T[-]-, with 
a,T ^ 7o,r for bounded terminal variable. We need the following convergence results. 

Lemma 4.2 Let P-evaluation £s,t[-] satisfy (HI) and (H2). Let r G 7o,t and {rn}n>i C 7))% be 
a decreasing sequence such that for each n > 1, Tn > t. Then we have 

(i) If K e V^0,T), X G L°°{Py), Xn G L°°{PrJ,n > 1, and Xn ^ X in L^{Pt), as 
n —)■ oo, then we have 

lim sup l£’r„At,r„ [Xn, K] - £rr,/\t,Tn K]\ = 0- 

te[07] 

(ii) If K e V)r{0,T), X G 4.2(7;), G L‘^{PyJ,n > 1, and Xn ^ X in L‘^{Pt) and 
ll'Tn — t||oo —>-0 , as n ^ oo, then we have 

lim E sup |frAt,r„ [Xn, K] - frAt,r„ [X',K]f = 0. 

[tG[0,T] 

(Hi) If Kt = jQ'jsds with % G 4.^(0, T), X G L°°(Py), and [\Tn — t||oo —>-0, as n ^ oo, then 
we have 

lim sup |^^At,r„[44;4^] - 4’rAt,r™[4f;4L]| =0. 

m,n^oo ig[o,r] 
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Proof. By (4.2), we have 


sup |^r„At,r„ [Xn] K] - £r„At,T„ [X;K] 



te[o,r] 


Iloo 

< 

sup \£^jfp,^[Xn-X]\ 

+ 

sup \£;xt\^n-x]\ 


ie[o,r] 

OO 

te[o,r] 


Then by Lemma 2.6, we obtain (i). By (4.2), we have 


E 


sup \SrAt,T^ [Xn] K] - SrAt,T^ [X]K]f 
_te[o,r] 


< 2E 

sup 

SPt.r., \Xn - X] 

2 


_te[o,r] 




+ 2E 

sup 

£;i:Cr*\x„-x] 

2 


.iG[0,T] 




Then by Lemma 2.8, we obtain (ii). By ’’Consistency”, (4.2) and Lemma 2.6, we can deduce 


sup \£rAt,T^[X;K]- £rAt,Tr,[X;K]\ 

t&[0,T] 


< 


sup \£TAt,TmATn.[£TmATn.,Tm [X;K]-,K] 

£TAt,TmAT„ [X;K]\ 

t&[0,T] 


oo 


+ 


sup \£TAt,TmATn. [XK] £TAt,TmATn. [^TmAr„,r„ [X;K]-,K]\ 

t&[0,T] 


OO 


< 

sup [£r^Ar^,r^ [X; K] - X]\ 

+ 

sup l«;^Ar„ [£r^Ar„.r^ [X-,K]-X]\ 


iG[0,T] 

OO 

te[o,r] 


+ 

sup [£r^Ar^,r„ [X; K] - X]\ 

+ 

sup \£;;:CrlAr„ [£r^Ar„,r„ [X', K] - X]\ 


t&[0,T] 

OO 

te[o,r] 


< 2e^^(\\£r^^r„,rJX;K]-X\\^ + \\£r^Ar„,rAX-,K]-X\U 


< 


2e^^(||Ttt^.„,.™[^;i^] - ^lloo + \\£-j:A-rtrJX;K] - X||oo 

+2e^^(||T(‘;fA.„,.J^;i^] -^lloo + \\£;XtrJx-,K]-x\U. 


Then by Lemma 2.7, we can obtain (hi). The proof is complete. □ 


By (iii) in Lemma 4.2, the following Definition 4.3 is well defined. 

Definition 4.3 Let /'-evaluation £s,t[-\ satisfy (HI) and (H2), Kt = /q with G L“(0,T). 
Let a,T & 7o,r,c < t and {Tn}n>i C T^rp be a decreasing sequence such that \\Tn — r||oo — >■ 0, 
as n —7> oo. If X G L°°{Er), then we define 

£^,r[X;K] := lim £^,rAX;K] in L°°(/'r), 


and 

£„,r[X] :=T,,,[X; 0 ]. 
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Lemma 4.4 The system of operators 


^ a<T, a,re To,t, 


satisfy 

(i) Monotonicity: > £<t,tW[-,P ~ if € L°°{Fr) and f > tj, P — a.s.] 

(ll) Er,r[i] =C,P- a.s., if C € L°-{Pr); 

(Hi) Consistency: ^( 7 ,p[i’p,r[^]] = £a,T[^],P — a.s., if a < p <t and ^ G L°°(Jv), p G 7o,t; 

(iv) ”0-1 Law”: lA£a,r[i] = -P - a.s., if A e Pa, C G 

(v) For Kt = fQjgds with 7 ^ G L^(0,T), Po-.tIs-P"] satisfies the above (i)-(iii) and 

lAEa,r[i-, K] = lA£a,r[lA(; K], P- O.S. A A ^ Pa, C ^ 

(vi) For Kt = fQ'jsds with 'js G L“(0,T) and ^ G L°°{Pr), £r/\.,T[i',K] is RCLL and for 
X,X' G L°°{Pr) and K[ = f^ j(ds with 7 ' G L^(0,T), we have 

£-w- 4>^X -X';K- K'] < £a,rlX; K] - £a,r\X'-, K'\ < £<f'^\X -X'-,K-K% P- a.s. (4.3) 

Proof. For r G 7 o,t, we can find a decreasing sequence {Tn)n>i C l^rp such that Hr^ —t||oo —>■ 0, 
as n — 7 > 00 , by setting 

2 " 

Tn := T2 l{ 2 -’"(i-i)r<T< 2 -"ir} + l{r=r}^) n > 1. 

i=l 


(i) and (iv) can be proved using Lemma 4.1 and Definition 4.3, immediately, (vi) can be proved 
using (vi) in Lemma 4.1, (iii) in Lemma 4.2 and Definition 4.3, immediately. By (4.3), we can 
get 

- X| < \£(l:f[X] - X| + \£(l:f[X] - X| = 0, P- a.s. 

Then (ii) is true. Now, we prove (iii). For 5 G Tq^t’, let {pn]n>i C l^rp be a decreasing sequence 
such that Pn £1 d and \\pn — p||oo ^ 0, as n —>■ 00 . By (iii) in Lemma 4.1, for X G L°°{Ps), we 
have 

£a,pj£p^,sm] = £a,5[X], P-a.s. (4.4) 

By (vi) in Lemma 4.1 and Lemma 2.6, we have £s/\.^s[P] G D^(0,(5). By this and dominated 
convergence theorem, we have 


lim E 

n^oo 


\£pr,Ax]-£p,8[xf 


= 0 . 


(4.5) 


Since 


\£.,pA£p.Ax]]-£a,p[£pAx]]\ 

< Ao,pA£pr,Ax]] - £.,pA£p,m]\ + \£a,pA£p,m] - ^^A^pAx]]\, p - a.s. 

Thus by (4.5), (ii) in Lemma 4.2 and Definition 4.3, we can get 

li^E[\£a,pA£p„AX]] - £a,p[£p,s[X]]A = 0. 

By this and (4.4), we have £a,p[£pAX\[ = £a, 5 {X]. Thus, we have 

£oA£p,rAX]] = P - a.s. (4.6) 
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By Definition 4.3, we have 


Ji^ \\£p,T„[X] - £p^r[X]\\oo = 0. 

From this, (4.3) and the same proof of (i) in Lemma 4.2, we can get 

\\£.A£p,rAx]] - £.,p[£pAm\oo = 0 . 

By (4.6), (4.7) and Definition 4.3, we have 


(4.7) 


£„^p[£p^r[X]]=£„^r[X], P-a.s. 

Thus, (iii) is true. By (v) in Lemma 4.1 and the similar argument as (i)-(iv), we can obtain (v). 
The proof is complete. □ 


Step III. For T G 7o,t, we denote the following space: l)jr(0,r) = {K G D3r(0,r); there 
exists l^ds with 7 ” G L^(0, r), n > 1, such that, iF” K u\ Ljr(0, r) and for each 

t G [0,T], > KrAt in L‘^{Xt), as n ^ 00 }. 

Now, let T G 7o,r X G L?‘{Xt) and Xn = {X y (—n)) A n,n > 1. Clearly, Xn G L°°{Fr) and 
X” ^ X in L2 (J-t), as n ^ 00 . For K G r), let j^ds with 7 ^ G L^(0, r), n > 

1, such that, —>■ K in L^(0 ,t) and for each t G [0,r], KJ^ai X^At in LF‘{Ft)i as n —)■ 00 . 
Consequently, by (4.3), we have 

E\£,AtAXn,K^] - £rAtAXm-,K^]? 

< 2E\£^’^,^,[X^ K ^]|2 + 2E\£;j[:^;/[Xn - X^; - K ^]^ 

< 4E\£>^’^,^,[Xn - X^-K- - K^] + / 

+AE\£;i:i;^[x^ - X^; X- - X-] + x;^, - X-/ + 8 X|X-^, - X- 

By this and Lemma 2.5, we have for t G [0,T], {TrAt.Ti-F"'; X "']}„>1 is a Cauchy sequence in 
LP‘{Ft)- For t G [0,r], we define 

m L\Et)- (4.8) 

By (4.3), (4.8) and Lemma 2.5, for X, X' G L‘^{Fr) and X, X' G D3^(0,r), we can get Vt G [0,T], 
- X'; X - X'] < T,At,r[^; iF] - T,At,r[^'; K'] < T^At,r[^ - X'; X - X'], P - a.s. 


From this and the same proof of Proposition 3.6, it follows that 


2 


lim E 

n—>-oo 


sup \£rAtAXn-, iF”] + X^^, - T,At,r[^; iF] - X^Ai 

.iG[0,T] 


= 0 . 


From this, £’TAi,T[X; X] + X^At is RCLL. Thus £TAtAX: K] is RCLL. By this and (4.8), we can 
give the following Definition 4.5. 


Definition 4.5 Let X-evaluation £sA\ satisfy (HI) and (H2), a,T & 7o,r and a < t, K & 
V‘^{0,t) and X G L‘^{Fr)- For each t G [0,T], we set rjrAt '■= £TAtAX]K]. Then we define 

T^,r[X;X] := and [X] := 0]. 
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Now, we have extended the definition of J^-evaluation K] to with a,T G 7o,t for squared 
integrable terminal variable and a very special K. Moreover, we have 

Lemma 4.6 The system of operators 

£aA-\ ■ CF < T, a G To,T, T G 75,T, 


satisfy 

(i) Monotonicity: > £a,T[rf\,P — a.s., if ^ L‘^{Pt) and ^>7], P — a.s.; 

fiij £’r,r[?] =C,P- a.s., if C G Lf {Pr)] 

(Hi) Consistency: £a,p[£p,T[^]] = £cf,t[^],P — a.s., if a < p <t and ^ G L?‘{Pr), P G 7o,t; 

(iv) ”0-1 Law”: lA^’o-.rj?] = -P - a.s., if A G Pa, ? G L‘^{Pt); 

(v) For T G 7o,t, K G Pj'(0,t), 

£a,r'hK] : L\p,,) L\Pa), a < r' <T, a,T' G %,t, 
satisfies the above (i)-(iii) and 

1aP(7,t'[?;TT] = 1aP(7,t'[1a?;TT], P-a.s. if A G Pa, f, G L^{Pr')-, 

(vi) Forr G 75, t, K G ^3^(0, r) and^ G L‘^{Pr), £r^■,r[^■,K] is ROLL andforX,X' G L^fiP^) 
and K,K' G X’3^(0,r), we have 

£-n,-<P[X -X'-K- K'] < £aAX-, K] - £a,r{X'-, K'\ < £^’f[X -X'-K-K'], P- a.s. 

Proof. Clearly, we only need prove (v) and (vi). Given r G 75,r, for a, t' G 75,t and a < t' < t, 
we can hrstly prove (vi) and that £ay[-',K] satishes (i) by Lemma 4.4 and Dehnition 4.5, 
immediately. Then we can prove that £a^T'['',X] satisfies (ii) by (vi) like the proof of (ii) in 
Lemma 4.4. In the following, we will prove £ay[-',K] satisfies (iii). For K G X’3r(0,r), let 
P-Tht — fo^^Jsds with 7 ” G L^(0,t), such that, K in Ljr(0,T) and for each t G [0,T], 

^ PrAt in L‘^{Pt), as n — 7 > 00 . For X G L‘^{Pt-'), let Xn = (X V (—n)) A n. For p G 75,r 
and (J < p <t' .hy (vi), comparison theorem and ’’Consistency”, we have P — a.s., 

£a,p[£pAP"-^ K^\,K^] + K:- £a,p[£p,AX-, K]-,K] - Ka 

< £(f:^[£p,r'[X^-, K^] - £p,r'[X^-,KAK" -K] + K:-Ka 

< Kp[X" - X-K^ - K]-,K^ - K]+ - Ka 

= £^;f, [X^-X-,K^-K] + K^-Ka. 

Similarly, we have P — a.s.. 


£a,p[AAX^-, KAK^] + K- £a,p[£p,AX-, K\,K] - Ka 

> £ZfiA[X'^-X-K^-K]+K0-Ka. 


— (7.T 


Thus, by the above two inequalities and Lemma 2.5, we have 

£a,p[£p,AX'^-,KAK'"]+K'^ -G £a,p[£p,AX-,K\,K]+Ka, in L^{Pt), 
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as n —>■ oo. Similar argument as the above gives 


as n —?> oo. By (v) in Lemma 4.4, we have 

£^,p[£py[X^-,K^]-,K^] = £^y[X^-,K% P-a.s. 

From the above three equalities, it follows that 

£^,p[£py[X-,K];K]=£^^r,[X-,K], P-a.s. 

Thus £„y[-',K] satisfies (iii). By (4.9), for A G Jv, we have 

K^] + UK ^ UUylX; K] + UK, in L\Pt), 

and 

USaAUX^; K] + UK ^ UUylUX; K] + UK, in A{Pt), 
as n ^ oo. Thus, by (v) in Lemma 4.4, we have 

lA^ayA',K] = '^AUy[^ aX;K], P-a.s. 


(4.9) 


The proof is complete. □ 

The following Lemma 4.7 is an optional stopping theorem for locally bounded £s^t['',K]- 
supermartingales, which is crucial in the proof of Lemma 4.8 and Proposition 5.5. 

Lemma 4.7 Let P-evaluation £s,t['\ satisfy (HI) and (H2), = Jq %ds with 'jg G L“(0,T), 

T G 7o,r and Y G 'Djr{0,T) be an £s,t[-', H]-supermartingale (resp. £s,t[-', K]-submartingale) with 
Y G ^“(O, r) and G L°°{P.r)- Then for a, t' G 7o,t satisfing cr < t' < t, we have 

£<Ty[yr'',K] < Y^ {resp. >), P - a.s. 

Proof. We only prove the iL]-supermartingales case. The iF]-submartingales case is 
similar, we prove it by two steps. 

Step A. Let a G TQy,T' G KyP < ^ and Y' G Ki^,T) be an £s,t[-,K]- 

supermartingale. Let {o'n}n>i C satisfy < t' and (T„ \ ct, as n —> oo. By Lemma 4.1, 
we can get £(^^y[-‘, K'] satisfy (i)-(iii) in Lemma 4.1 and (4.1). Thus by the proof of Peng [14, 
Lemma 10.10], we can get < An- ^^7 right continuity of £Tyty[K', K'] and 

Y', we have £„^t-'[K', K'] < Yf, P — a.s. 

Step B. Let ay' G Toy, a < t' < t, and {T^}n>i C 7))% is a decreasing sequence such that 
Ikn “ "^^lloo —^ 0. By Step A, we have 

£ay[YrY,K] <Y„, P-a.s. (4.10) 


Since 


Ky[Yy;K]-£„ 
< Ky[Yy,K]-£„ 


AYr';K]\ 

[w.; iF]I + Ky K ; K] - £.y K A]\, 


(4.11) 
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and Yr^ —)■ Yr' in L?‘{Tt) as n —)> oo, thus by (ii) in Lemma 4.2 and Definition 4.3, we have 

Yim^E[\8^^^^\Y^^-K] - 8^,r'[Yr'-,K]\^] = 0. (4.12) 

By (4.10) and (4.12), we complete this proof. □ 

Lemma 4.8 Let g satisfy (Al) and (A2), Kt = f^jsds with js G L“(0,T), r G 7o,t and 
Y G 'Djr{0,T) be an 8g ^[-; K]-superniartingale with Y G 'Dj8{0,t) and Y^ G L°°(J>). Then there 
exists a process Ag G Vjr{0,T), which is increasing with Aq = 0, such that for a, t' G 7o,r 
satisfying a < t' < t, we have 

Y^ = 8^^y[Y^r,K + A], P-a.s. 

Proof. By Remark 3.3 and the above arguments of this section, we can get the optimal stopping 
theorem (Lemma 4.7) also holds true for Yt. That is, for a, t' G 7o,t satisfying a < t' < t, we 
have 

8ly[Yrr,K]<Y^, P-a.s. (4.13) 

By (i) in Remark 2.2 and (4.13), for a, r' G 7 o,t satisfying a < t' < t, we have 

8ly [Y^> + K,,] = 8^^y [y,/ ■,K] + K^<Y^ + K^, P-a.s. 

By this, we can obtain a result similar as Peng [16, Lemma 3.8] by a similar argument. Then 
by the similar proof as Peng [15, Theorem 3.3] or Peng [16, Theorem 3.9], we can get that there 
exists A G T>jr(0, r) such that for a, t' G 7o,t satisfying a < t' < t, we have 

Y, + K, = 8^^'^^,[Yr + K^r, A], P-a.s. 

From this, we can get To- = [Tt-/; K + A], P — a.s. The proof is complete. □ 

Now, we give the following Lemma 4.9, which is important in the proof of Theorem 5.4. 

Lemma 4.9 Let F-expectation 8s^t[-] satisfy (HI) and (H2), Kt = f^'^gds with % G L“(0,T). 
Let T G 7o,r and X G L°°{Fr). For a G 7o,r satisfying a < t, we set 

y;’^’^ ■.= 8^,r[X;K]. 

Then there exists a pair in Ljr{0,T) x L‘^{0,t; such thatVt G [ 0 , t ], 

P - a.s. 


and Vt G [0, T], 


y 


t,X,K 


rAt 


= X + Kr-KrAt+ gf'YKdr- P- 


a.s. 


frAt 


'rAt 


Moreover, for t' G 7o,r, X' G L°^{Fr') and K) = Jq j'^ds with 7 ^ G L^(0,r), we have Vt G 
[0,T At'], 


\9l 


9t 


<p{\YA^^^ -yp^''^'\) pm. 


-zf 


P — a.s. 
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Proof. By (vi) in Lemma 4.4 and ’’Consistency”, for € 7o,t satisfying a < P < r, we have 


< £^y[Y;;^’^;K] = £^y[£,,^r[X-, K]; K] = = Y^^’^ . (4.14) 

Clearly, one can find the proof of Lemma 4.8 is based on (4.13). Thus, by (4.14), we can get there 
exists a process ^7 ^ which is increasing with = 0, such that for each t € [0,T], 

we have 

Yfff^ = K + A-], P- a.s. (4.15) 

Similarly, we also can show there exists a process Af G lljr(0, r), which is increasing with 
Aq" = 0 such that for each t G [0,T], we have 


^r,X,K, _ 


Yfff^ = £tf}ttAX-,K-A+], P-a.s. 


(4.16) 


By (4.15) and (4.16), we can complete the proof by the similar argument of Peng [14, Proposi¬ 
tion 6.6 and Corollary 6.7]. We omit it here. □ 


Remark 4.10 Let /'-expectation £s,t[] satisfy (HI) and (H2), Kt = /q with G L“(0,T), 
T G Toy. Then for X G L°°(Jv), we can get £rA-,T[X',K] G 5^(0, r), from (4.3), Lemma 2.6 and 
Lemma 4.9. 


5 Doob-Meyer decomposition of £^sy[ ]-supermartingales 

In this section, we will study the Doob-Meyer decomposition of T^^tf-j-supermartingales. It is 
obtained in a locally bounded case. Given a function / : D x [0,T] x R i—R, in this paper, 
we always suppose / satisfy the following Lipschitz condition: 

3 A > 0, s.t. |/(Lyi) - /(L 2/2)1 < AI2/1 - y2|, Vyi, y2 G R, Vt G [0,r]. 

Now, we consider the following BSDE denoted by £{f,X,T) under /'-evaluation £s,t[-] '■ 

ys = £s,T X; [ f{r,yr)dr , sG[0,r]. 

L JO 

Theorem 5.1 Let T-evaluation satisfy (HI) and (H 2 ), X G L°°{Tt) o,nd /(uO) G 

L'^{ 0 ,T). Then £{f,X,T) has a unique solution yt G 5^(0,/). 

Proof. For yg G 5^(0, T), set 

I{ys):=£s,T X; [ f{r,yr)dr , 

L JO 

Since f satisfies Lipschitz condition, yg G (0, T) and /(-jO) G L“(0, T), thus we have 

ll/(L2/r)||L“(0,T) < II/(L 0)llL“(0,r) + A||2/r||L“(0,T) < OO. 

Then by Remark 4.10, we have I{yg) G <S^(0,T). Thus 


22 



By (4.3), for each yl, G <S“(0, T), we have 

\i{yl)-i{y^s)\ 


= 

£s,t 

X-, 

[ f{r,yl)dr 

— £s,t 

X: 

/ f(.r,yl)d 

r 





Jo J 


- 

JO 


- 


< 

‘^s,T 

0; 

/ {f{r,yl)- 

f{r,yl))dr 

+ 

‘^s,T 

0: 

i / {f{r,yl) - fir,yl))dr 




10 


J 



. 

Jo J 


By Lemma 2.6, we can get 


^s,T 

0; / {f{r,yl)-f{r,yl))dr 


fis,yl) - fis,yl) 


i Jo J 

L“{o,r) 



L“(o,r) 


< ATe^^ 


yl - yl 


L”(0,T) 


Similarly, we have 


^sT / Uir^yl) - f{r,yl))dr 

' Jo 


< XTe^^ 


L”(0,T) 


yl - yl 


L“(o,r) 


Thus from above three inequalities, there exists a constant /3 > 0 such that if T < /3, we have 

Vivl) - i{yl)\ 


L“(0,T) 


1 

< - 


y] - yl 


L“(o,r) 


Consequently, in the case that T < jj, /(•) is a strict contraction. The proof is complete. 

In the case that T > /3, we can complete the proof using a ” patching-up” method given in 
Hu et al. [7, Proposition 4.4]. We take a partition of [0,T] ; 0 = to < ti < ■ ■ ■ < tN = T such 
that max„ |t„ — t„_i| < j3. In view of Lemma 2.6, we can prove £{f,tN, X) has a unique solution 
on [tAr_i,tjv] by the above argument, we denote the solution by y^, s G [tAr_i,tAr]. Similarly, 
we can solve £{f,tn-i,yt„_i) on [tn- 2 ,tn-i], and denote its solution by s G [tn- 2 ,tn-i], 

2 < n < N. Now, we set y* := y”, s G [tn-i,tn], 1 < n < N, we will show y* is a solution of 
£{f,T,X) on [0,r]. 

Clearly, y^ is a solution of £{f, T, X) on T”]- Assuming y* is a solution of £{f, T, X) on 

[tm,T], 1 < m < N — 1, then by above settings and ’’Consistency” of £, for s G we 

have 


£g t 

C; / 

!*• 

f{r,yr)dr 


L 4( 

D 

J 

£g t 

yim) / 

r- 

f{r,yr)dr 

L 

D 

J 

£g t 

^tm,T 

/'/C 



L 

L 40 


_1 

/ f{r,yr)dr 


JO 

J 



. By induction. 

we 


f{r,yr)dr 


Uyt€S^ (0, T) is another solution of £{f,T,X) on [0,T]. Clearly by the above argument, 
we get y* = y*, s G Mj. Similarly, we can also get y^ = y^, s G [tn-i,tn], I <n < N - 1. 
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Thus ijs = Us, s € [0,T]. The proof is complete. □ 

By the similar arguments as Peng [14, Proposition 7.3 and Corollary 7.4], we can get the 
following comparison theorem for £{f,T,X). We omit its proof here. 


Theorem 5.2 Let T-evaluation £s,t[-] satisfy (HI) and (H2), X G L°°{Ft), /(’jO) G L“(0,T). 
Let ys he the solution of £{f,T,X) and ijs be the solution of the following £{f r]s,T, X): 


Us — £s,T 


/ if{r,yr) + Vr)dr , 

Jo J 


t G [0,T], 


where X G L°°{Ft) and rjt G L^{0,T) satisfy 


X > X, ijs > 0, dP X dt — a.e. 


Then we have Vs G [0,T], 


ys>ys, P-a.s. 


Remark 5.3 

(i) Let T'-evaluation £s,t{\ satisfy (HI) and (H2). Clearly, if ys is the solution of £{f,T,X), 
then process ys is an £s,t[-] fo /(^) yr)rf?’]-niartingale on [0, Tj. Thus we can also get that ys 
is the unique solution of £{f,t,yt) on [0,f\- 

(ii) Theorem 5.1 and Theorem 5.2 are for £{f,T,X) with given deterministic terminal time 
T. In fact, we can also obtain the same conclusion for £(f,T,X) with r G To,t, from the 
same arguments. 

The following Theorem 5.4 is a Doob-Meyer type decomposition for locally bounded £s,t['\K]- 
supermartingales, which generalizes the corresponding result in Lemma 4.9. 

Theorem 5.4 Let F-evaluation £s,t[-] satisfy (HI) and (H2), r G 7 o,T) Ys S 53:(0,r) is 
an £s,t[-]-supermartingale with Ys g 5^ (0, r). Then there exists a process As G 5jr(0, r), which 
is increasing with tIq = 0 such that Vt G [0, T], 

£t/\T,T\YT^ A^ — P a.s., 

and there exists a pair {gs, Zs) in Ljr(0, r) x Ljr{0, r; i?'^) such that for t G [0, r], 

\gt\< ti\Yt\filZtl), dPxdt-a.e, 


and Vt G [0, T], 


YrAt — Tt + Ar 


ArAt + 




Zj'dB^ , 


P — a.s. 


Moreover for any £s^t[']-supermartingale Y) G Sjr{0,T) with Y) G 5^(0, r'), the corresponding 
pair {g'g, Z() in L^{0, t’) x Lfjr{t), r'; R^) satisfies for t G [0, r A r'], 

\gt - g't\ < g{\Yt - T/j) + f{\Zt - Z(\), dPxdt- a.e. 
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Proof. For n > 1, we consider the following BSDE under J^-evaluation Ps,tW- 

ytAT=£tAT,T Yr] [ n{Ys-yf )ds , t G [0,T]. (5.1) 

L Jo 

By Theorem 5.1 and Remark 5.3, the above BSDE (5.1) has a unique solution yf G 5^(0, r). 
Then we have the following Proposition 5.5. 

Proposition 5.5 For n> 1 and each t G [0, T], we have 

YtAT > y?Ar > VtAr, P “ CL.S. 

Proof. With the help of the optional stopping theorem (Lemma 4.7), Theorem 5.1, Theorem 5.2 
and Remark 5.3, we can obtain this proposition from the argument of Peng [14, Lemma 8.3], 
immediately. □ 

Set 

ptAr 

:= / niY, - y^)ds, t G [0,r], n > 1. (5.2) 

Jo 

By Proposition 5.5, G 5^(0, r), and is increasing with Aq = 0. Then by (5.1) and (5.2), 
we have Vt G [0,T], 

y?Ar = StArAYp, , P- a.s. (5.3) 

Thus by Lemma 4.9, there exists a pair {gf, Z”) in L^{0, r) x t; R*^) such that Vt G [0, r], 

\gn<h\y?\ + A\Zr\), P-a.s., n>l, (5.4) 

\g2-gr\<h\y?-yr\ + mr-zr\), p-a.s., m,n>l, (5.5) 

and Vi G [0, T], 

y^A. = Yr + A^- + r gfds - Z^B^, P - a.s., n > 1. (5.6) 

JtAr JtAr 

Moreover for an f’^^tl'j-supermartingale Y^ G 5jr(0,T) with Yg G S'^(0,t'), the corresponding 
pair {g'p,Z'P) in ^ R*^) satisfies Vt G [0 ,t At'], 

\g^-gA<A\yt-y"i\) + A\Zf-ZA\ P-a.s., n>l. (5.7) 

We further have 

Proposition 5.6 There exists a constant C independent on n, such that 

(i) E r \Z2 \A.s < C and (ii) E\A^f < C. 

Jo 

Proof. The proof is similar as Zheng and Li [19, Proposition 4.2], we give it here for convenience. 
In this proof, C is assumed as a constant independent on n, its value may change line by line. 
By Proposition 5.5, we get that < y^r — YtAr- Thus, we have 

\\y?\\L^(0,r)<C, n>l. (5.8) 
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By (5.6), (5.4), (5.8) and the fact that (j) has a linear growth, we have 

E\A^\^ < 2>E\y'^-y^\^+ ZTE r \g^\^ds + 2>E r \Z'^\^ds 

Jo Jo 

< C + 3TE f\M + (^{\Z2\)fds + 3E r\Z2\^ds 

Jo Jo 

< C + 3TE + 4u^)ds + 3E T \Z^\^ds 

Jo Jo 

< C + 3(4i/2r + 1)E r\Z^\^ds. 

Jo 

Applying Ito formula to P, and by (5.4), (5.8), the fact that 4* has a linear growth, and the 
inequality 2ab < fJa? + ^, /3 > 0, we have 

\y^\'^+E r\Z^\^ds = E\Y,\'^ + 2E r y^^gys + 2E r y^A: 

Jo Jo Jo 

< C + 2E r \y^My^\ + m7\))ds + 2E f 

Jo Jo 

< C + 2E r \y^My^,\ + v\Z^\ + v)ds + C[Em^]^ 

Jo 

< C + -E r |Z”|2ds + ——^ 

4 io 6(4jy2r + l) ' 

By above two inequalities, we can complete the proof. □ 

By (5.4), (5.8), (i) in Proposition 5.6 and linear growth of 0, there exists a constant C 
independent n such that 

E r \g^\‘^ds < C. (5.9) 

40 

By Proposition 5.5, we can get Vt G [0,T], there exists yrAt G A^(Jv/\t), such that 

VrAt VrAt, m L^{FrAt) (5.10) 

as n —?> oo. By above arguments, we can apply the monotonic limit theorem (see Peng [15, 
Theorem 2.1] or Peng [16, Theorem 7.2]) to the forward version of (5.6), then we can get 

/•tAr rt/\T 

UtAr = yo - A.tAT - I gsds+ ZsdBs. tG[0,r], (5.11) 

Jo Jo 

where Zg G L3r(0, r, R*^), gg G L3r(0, r) are the weak limits of Z"^ and g'^ in L3^(0,r, R'^) and 
T3r(0,r), respectively, At G T>3^(0,r) is increasing with Aq = 0, and for each t G [0, T], AtAr is 
the weak limit of in LP‘{Ft)- By (5.2), Proposition 5.5 and (ii) in Proposition 5.6, we get 
that as n —>■ oo, 

2/Ar /' ^iAr, dP X dt - 0.6. (5.12) 

Then by this and Lebesgue dominated convergence theorem, we have 

y^^Y, in l3.(0,t), (5.13) 
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Since ytAr is ROLL and YtAr is continuous, then by (5.10) and (5.13), we have Vt G [0,7"], 

ytAr = YtAr, P “ a.S. (5.14) 

Thus ytAr is continuous, then by (5.11), we can get At G 5jr(0, r) and by the monotonic limit 
theorem in Peng [15, 16] again, we further have 

^ Z, in L3^(0 ,t), (5.15) 

as n —7> oo. By (5.5), (5.13), (5.15) and the fact that </>(|a;|) < k\x\ + (pi^) for k >2v (see Fan 
and Jiang [5, Lemma 4]), we can deduce that the strong limit of gf exists in Since 

gs G L3r(0,r) is the weak limit of g^ in L3r(0,T), we can get 

g^^g, in Ljr{0,T), (5.16) 

as n —>■ oo. Thanks to (5.10), (5.15) and (5.16), then from (5.6) and (5.11), we can get 

Vt G [0,r], A^At, in P^iPrAt)} and ^ A, in L^(0,t) (5-17) 

as n —7> oo. By this and Dehnition 4.5, we can get that Vt G [0,T], 

StArAyr;A^]^StArAyr;A], A LAFt) , (5.18) 

as n —7> oo. Thus by (5.3), (5.10), (5.14) and (5.18), we have Vt G [0,T], 

YtAr — TtAr,r[Fr; ; P d.S. 

Thanks to (5.10), (5.13)-(5.17), we can complete this proof by passing to limit (a subsequence) 
of (5.4), (5.6) and (5.7). □ 

6 Representation of J^-evaluations by ^-evaluations 

The following representation theorem for J-'-evaluations is the main result of this paper. 

Theorem 6.1 Let P-evaluation £sA\ satisfy (HI) and (H2). Then there exists a unique func¬ 
tion g{io, t,y, z) : Q X [0, T] x R x R'^ i —> R, satisfying (Al), (A2) and (A3), such that, for each 
Q < s <t <T and X G L^(T)), we have 

£s,t[X]=£lt[A, P-a.s. 

Proof. For {t,y,z) G [0,T] x R x R'^, we consider the following process Yf’^’^, which is the 
solution of the following SDE on (t,T]: 

dY^y'^ = AAYAA + AA))ds + zdBs, Y^y'^ = y, ( 6 . 1 ) 

and the solution of the following BSDE on [0,t]: 

yA'" = y+ fAAAA + A\zAA))dr - T zA^dBr, s g [o,t]. (6.2) 

J s J s 
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Clearly, G S'jr{Q,T) and is an £’^j'^[-]-martingale. Then by (i) in Corollary 3.8, we can 

check that is an ^’^^^[•J-supermartingale. Now we set the stopping time: 

Tt := inf{s > t : \Bg — Bt\ > 1} A T. (6-3) 

Clearly, for t G [0,T), we have 


\Brt — Bt\ = I on {rt < T}, and Tt > t, P — a.s. (6-4) 

By (6.1) and (6.3), we have for s G [t,T], 

< \y\ + y\Y,^’y’^\dr + ^{\z\)T + |z|, P- a.s. 

Then by Gronwall’s inequality, we can get for s G [t,T], 

\YsATt\ < (|y| + kl + 4>i\z\)T)ef^'^, P - a.s. (6.5) 

By (6.2), Lemma 2.6 and (6.5), we have Yg’^’^ G 5^(0,rt). Then by Theorem 5.4, there exists 
a process G 5jr(0,rt), which is increasing with = 0 such that Vs G [0,T], 

^sArtjTtP Tt J ^ sArt ) ^ U.b., 

and there exists a pair such that 


Yg\%^ = Y^;y^^ + A^;y’^-A^X+r gl^y’^dr- r Zl’y^^dBr, P-a.s., sG[0,r], 

J sArt J sArt 

\gt,y,z\^^\Yt,y,z\^^^^Zl’y’Z^), dPxdt-a.e., s G [0,rt], 
and for G [0,T] x R x R*^, 

\gt,y,z _gYy'P^ ^ ^\Yt,y,z dPxdt-a.e., s G [0, rt Art^]. 


( 6 . 6 ) 

(6.7) 

( 6 . 8 ) 


For each t" > t and X G L°°{Pt'')^ we set 

■.= 8sAn 

By Theorem 5.4, there exists a pair {g^”, A'’^) such that 

A''^ = X+ r A'^dr- f zf’^dBr, sG[0,t"]. (6.9) 

J S J S 

and 


\gt,y,z _ -F,X| < _ yF,X| + 0 (|yhy ,2 _ yf-^|), dP x dt - a.e., s G [0,rt A t"]. (6.10) 

Comparing the bounded variation parts and martingale parts and of (6.1) and ( 6 . 6 ), we get 

Zl'y’^ = z, sG[t,rt], dP X dt — a.e. 

From this, we can rewrite (6.7), ( 6 . 8 ) and (6.10) as 

dP xdt- a.e., s G [t,rt], (6.11) 
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dPxdt-a.e., s € [ty t',Tt An^], (6.12) 

and 

\gt,y,z_-tAX\^^^Y,^,y,z_Yf,X\^^^\z_ 2 f,x^^ dP^dt-a.e., se[t,TtAt% (6.13) 


respectively. Now for n > 1, we set tf = i2 "^T, i = 0,1,2 • • • , 2"', and 


g^{s,y,z) 


2 "-l 

9s l[t",n»At"+i)(s), 

i=0 


for (s, y, z) G [0, T) X R X R*^. 


Clearly, for each n > 1 and each s G [0,r), there always exists an interval denoted by 
such that s G Thus we have 

U Z j 

9'^{s,y,z) = Qs"' ’ l{s<r^r.}, for (s,y, 2 ;) G [0,T) X R X R"*. (6.14) 

is 

By (6.14), (6.11) and (6.5), there exists a constant C only dependent on and T such 

that 

\\9'^{s,y,z)\\L<p{0,T) <C. (6.15) 

Moreover, we have 


Proposition 6.2 For {s,y,z) G [0,T] x i? x g'^{s,y,z) is a Cauchy sequence in L‘^{0,T). 

Proof. For (s, y, z) G [0, T) x R x R'^, by (6.1) and the classic estimate on solutions of SDEs, we 
have 


E 



,y,z 



< E 


+ ct>{\z\))dr + z{Bs 


i 2 


< 2 -C(|y|^ + |z|^ + l), 



(6.16) 


where C is a constant only dependent on y,, v and T. 

For s G [0,T), we set := lim inf„_j.oo Tt" . Clearly, is a stopping time, and we can get 

is 

for a.e. w G 11, there exists a sequence {Tp‘^}n^>i such that Tg(u}) = lim„ _^oo (w). By this 

is ~ is 

and (6.4), we can further have for a.e. w G 11, 

- -Bs(a;)| = Ji^ (^)(a;) - (cj)| = 1, if r^w) < T. 

f-s 

From this, (6.3) and (6.4), it follows that for each s G [0,T), 


Zs P 'Ts > s, P — a.s. 


Thus, for two integers m,n and any e > 0, we have for each s G [0,T) 

m,n“oo^ [ks>rtn^Ar,^j\9''is,y,z)-9^is,y,z) 

< lim P [s > Ttv- A Ttr^ ) 
m,n^oo V ^s / 


2 
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< lim P { s > inf T.k A inf t.i 

m,n^oo \ k>n is l>m is 

= P ( nm,n>i i s > inf T^k A inf \ ] 

\ k>n l>m J / 


= P[S> Tj 

= 0 . 


By this, (6.15) and dominated convergence theorem, we have for each s G [0,T), 


lim E 

m,n—>-oo 


l{s>rtn ATtm}\9"'{s,y,z) -g'^{s,y,z)f 


= 0 . 


By (6.14), (6.12) and (6.16), we have for a.e.,s G [0,T], 


E 

= E 
= E 

< E 

< 2E 


l{5<r^n Ar^m} |i7 ('5?!/?^) y (^;1/;^)| 


, ,y,z tY^,y,z,<) 

^{sKr^-n Ar^-mylds" ~9s" \ 


, t” ,y,z t”^,y,z,s, 

, , „ *s ’i” \z 

{i" Vt™<S<Tjn ATtmtIS's 9s \ 

^ ^ ts ^s 


0 , ,y,z V^.y.z.c) 


_y |2 + |y^-’^’ _y| 2 ) 


< 2^2 [2-^c{\y\^ + |z|2 + 1) + 2-^C{\y\^ + |z|2 + 1)) . 

By (6.17) and (6.18), we have for a.e.,s G [0,T], 

)g^{s,y,z)-g^{s,y,z)\\ 

^{s<rjri Ar-f-m }ll/ (^;1/;^) 9 9 7 z)\ 


lim E 

m,n—^oo 


< lim E 

m,n—^oo 


+ lim E 

m,n—^oo 


l{s>rt» ATtm}\9'^{s,y,z) -5r”'(s,y,2;)|" 


= 0 . 


By this, Fubini’s Theorem, (6.15) and dominated convergence theorem, we have 

lim Ef \g'^{s,y,z) - g"^{s,y,z)\‘^ds 
m,n^oo Jq 

< liin f E\g^{s,y,z) - g'^{s,y,z)fds 
m,n^oo Jq 


= 0 . 


(6.17) 


(6.18) 


The proof is complete. □ 

We denote the limit of g^{s,y,z) in L^{0,T) by g{s,y,z). We can further get the following 
properties. 
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Proposition 6.3 g{s,y,z) satisfies (Al)-(A3) and fora.e.,s G [0,t"], 


y, z) - < ia\y - + fii\z - C’""!), P - a.s. 


(6.19) 


Proof. By (6.15), we have g{s,y,z) satisfies (A2). By (6.14), (6.11) and (6.5), we have 
0,0) = 0, dP X dt — a.e. Thus g{s,y,z) satisfies (A3). By (6.14) and (6.12), we can get 
dP X dt — a.e., 


< 

< 


\g^{s,y,z)-g^{s,y',z')\ 




}\9- 




9s" I 


, i" ,y,z t' 


g -y\ + \Y 


\ + ^i\z-z'\) 

t" ,y',z' 


-y'\ + 9 \y - y'\ + (p{\z - z'\ 


Then from Proposition 6.2 and (6.16), it follows that g{s,y,z) satisfies (Al). By (6.14) and 
(6.13), we have for a.e.,s G [0,t"], P — a.s., 

\9"'is,y,z) -gs''^\ 

= l{s<rtn }\9'^is,y,z) - ^f’^l + l{s>rtn }\9"'is,y,z) 

^s f-s 

= l{s<r,n }\9l'‘’^'^ - + l{s>rtn }\g'^{s,y,z) - gp’^\ 

^s 

< - y/'A| + ^(|z - C’""!)) + hs>r,^}\9"{s,y,z) - ^f’^l 


i" ,y,z 

r Is'zii 


Js \ 1 


< -y\ + g\y -Y* ’^\ + (j){\z - Zl ’^|)j + l{s>r,n }\9'^{s,y, z) - gl 

By Proposition 6.2, (6.16) and the argument of (6.17), we can obtain (6.19). □ 

Now, we come back the proof of Theorem 6.1. For fixed t G [0,T] and X G L°°{P't), we set 

■.= Ss,t[X], sG [0,t]. 

Then by Theorem 5.4, there exists a pair {gh^, Zh^) such that for s G [0,t], 

=X+ f g\l^du - /* Z\:^dBu. 

J s J s 

We consider the following BSDE on [0,t], 

Fi’^ = X + J^ g{u, Y^’^,Z*^^)du - Z^^^dBu. 

Set gs := g{s, Yfi^, := Yfi^ - Yfi^ and Z, := Z^A _ By (6.19) and (2.10), 

we have for s G [0, t] 


< g\Ys\ + H\Zs\) < g\t\ + n\Zs\ + fi 


dP X dt — a.e., for n > 2u. 
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By this and the proof of uniqueness of solutions of BSDEs in Fan and Jiang [5, Theorem 2], we 
can get Vs G [0,t], P — a.s., . For X G we set = (X V (— n)) A n. Thus, 

we have Ss^t[Xn] = By this, Lemma 2.5 and Lemma 3.9, we have Vs G [0,t], 

£s,t[X] = £l,[X], P-a.s. 

Now, we prove the uniqueness of g. Suppose there exists another function g{uj,t,y,z) : 
n X [0,T] X R X I —R satisfying (Al), (A2) and (A3), such that for each t G [0,T], 
X G L?‘{Pt), we have for all s G [0,t], £g^[X] = £g^[X], P — a.s. Then as the argument in the 
proof of Zheng and Li [19, Theorem 5.1], we can get dP x dt — a.e., 

git, y, z) = g{t, y, z), V(y, z) G R x R"*, 

from the representation theorem for generators of BSDEs (see Fan and Jiang [4, Theorem 2] or 
Jia [9, Theorem 3.4]). The proof is complete. □ 

Corollary 6.4 Let P-evaluation £s,t['\ satisfy (HI) and (H2), K G Il3^(0,T). Then there exists 
a unique function g{uj,t,y,z) : D x [0,T] x Rx R*^ i— R, satisfying (Al), (A2) and (A3), such 
that, for each 0 < s <t <T and X G we have 

£s,t[X-,K]=£l,[X-,K], P-a.s. (6.20) 

Proof. We sketch this proof. By Theorem 6.1 and Proposition 3.5, we can get there exists 
a unique function g{uj,t,y,z) : D x [0,T] x R x R'^ i— R, satisfying (Al), (A2) and (A3), 
such that, for each K G I1^°(0,T), we have (6.20). Thus, for K G V‘^{D,T), by Definition of 
£s,t\P',H] and Lemma 2.5, we can still get (6.20). The proof is complete. □ 

Remark 6.5 

(i) Theorem 5.1 and Theorem 5.2 are existence and uniqueness theorem and comparison 
theorem of £■(/, A, T), respectively, with A G L°°{Pt) and fi-,0) G L^(0,T). By Corollary 
6.4 and the similarly argument as Zheng and Li [19, Corollary 5.1], we can get that the 
two theorems are both true for £{f,X,T) with A G L^(Ar) and fi-,0) G LjriO,T). 

(ii) In Theorem 6.1, if £sf[-] is placed by £sf[-], then Theorem 6.1 will become Peng [14, 
Theorem 3.1]. In Theorem 6.1, if the A-evaluation become an A-expectation, then (HI) 
will become (HI) in Zheng and Li [19], and by Zheng and Li [19, Remark 3.1], the A- 
evaluation will satisfy translation invariance ((H2) in Zheng and Li [19]). By this, we can 
further get that g in Theorem 6.1 will be independent on y (see Jia [8, Corollary 2.3.14]). 
Thus Theorem 6.1 will become Zheng and Li [19, Theorem 5.1]. 

(iii) In Theorem 6.1, can we replace the domination condition (HI) by the following (H4)? 
(H4) : For each 0 < s <t <T and A, Y in L^(At), we have 

£s,t[X] - £sAy] < -Y]. P- a.s. 

where </>i(') and ()) 2 i-) are functions given in (Al). 

In general, the solution of BSDE with generator g = 4>ii\y\) + (/) 2 (| 2 ;]), denoted by £t\'‘^^[-], 
is not unique (see Jia [8, Remark 3.2.5]). Consequently, under (H4), we can not obtain a 
representation theorem like Theorem 6.1 using the method in this paper. 
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